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Abstract
The objective of present paper is to revisit the problem pertaining to the boundary layer equations governing the ﬂow of viscous
ﬂuid due to a stretching surface. The series solution method has been eﬀectively implemented to a related integro-diﬀerential
equation. The condition at inﬁnity is applied to a related Pade approximants of the obtained series solution. The features of the
ﬂow characteristic have been analyzed and discussed. Comparison of the obtained results for some particular cases of the present
study has been done with the earlier results and they have been found in good agreement.
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Nomenclature
α0 constant
η similarity variable
ν kinematic viscosity
ρ ﬂuid density
σ electrical conductivity
B0 magnetic ﬁeld
f dimensionless stream function
K suction/injection parameter
M magnetic parameter
u velocity along x-axis
v velocity along y- axis
V0 suction/injection velocity
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1. Introduction
The ﬂow of a viscous ﬂuid on account of a stretching surface is of practical signiﬁcance in the ﬁelds of metallurgy
and chemical engineering, and hence has been extensively studied by [1]. The magneto-hydrodynamic (MHD) ﬂow
problems have recently become more important from industrial view-point, especially from metallurgical view-point,
where-in the puriﬁcation of the molten metal from non-metallic inclusions by the application of magnetic ﬁeld is
being done. The ﬁrst attempt to study the MHD ﬂow over a stretching wall in an electrically conducting ﬂuid was
taken by [2]. Further contributions to problems of this type were given by [3], [4], [5], [6], [7], [8,9], [10], [11],
etc. However, the eﬀect of the mass transfer pertaining to the similarity solution for the MHD ﬂow over a stretching
permeable surface subject to suction or injection has received only a limited attention so far. The contributions made
by authors [3], [4], [7] [12], [13], [14], [15], [16], [17] and [18] are worth while mentioning in this regard. These
studies are, however, restricted only to relatively low values of mass transfer parameter, K (say). The extension of
the problem to include the large values of K still remains incomplete. However, [19] have tried to tackle this kind of
problem to some extent by taking into account the large values of the mass transfer parameters.
The objective of the present paper is to obtain the solution of the third order non-linear diﬀerential equation per-
taining to the boundary layer equations governing the ﬂow of viscous ﬂuid due to a stretching surface by using series
solution as suggested by [20]. This problem has already been tackled by [19] by using perturbation technique for
large values of the suction and injection parameters. In our attempt, the condition at inﬁnity has been applied to a
related Pade approximants of the obtained solutions. The features of the ﬂow ﬁeld have been analysed and the results
obtained in this paper have been compared graphically with those of [19]. Our results have been found in excellent
agreement with those of [19].
2. Basic Equations
Let us consider the ﬂow of an electrically conducting incompressible ﬂuid (with electrical conductivity σ) over a
permeable wall coinciding with the plane y = 0; the ﬂow being conﬁned to y > 0. Two equal and opposite forces are
introduced along the x− axis so that the wall is stretched keeping the origin ﬁxed, and a uniform magnetic ﬁeld B0 is
imposed along the y− axis. The basic boundary layer equations for the stretching ﬂow are [21]
∂u
∂x
+
∂v
∂y
= 0 (1)
u
∂u
∂x
+ v
∂u
∂y
= ν
∂u
∂y2
− σB
2
0u
ρ
(2)
where u and v are the velocity components along x− and y− axes, and ρ and ν are the density and kinematic viscosity
of the ﬂuid, respectively. The appropriate boundary conditions to the problem are
u = ax, v = −V0 at y = 0; u→ 0 at y→ 0 (3)
where a > 0, and V0 is the velocity of suction (V0 > 0 ) or injection (V0 < 0 ), respectively.
Deﬁning the variables
u = ax f ′(x), v = −(aν)1/2 f (η), η =
(a
ν
)1/2
y (4)
and substituting them into equation (2), we get the following Falkner -Skan type [22] ordinary diﬀerential equation
f ′′′ + f f ′′ − f ′2 − M f ′ = 0 (5)
with the boundary conditions
f (0) = K, f ′(0) = 1, f ′(∞) = 0 (6)
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where the prime denotes diﬀerentiation w. r. t. η. Here M = σB
2
0
aρ is the magnetic parameter and K =
V0
(aν)1/2 is the
suction (K > 0) or injection (K < 0) parameter [19].
Pade approximant is the ratio of two polynomials constructed from the coeﬃcients of the Taylor series expansion
of a function (Reference [23], [20] and [24]). The [L/M] Pade approximant to a formal power series is given by
[L/M] = PL(x)/QM(x), where PL(x) is a polynomial of degree at most L and QM(x) is a polynomial of degree at
mostM. Without loss of generality, we can assume QM(0) to be 1. Furthermore, PL(x) and QM(x) have no common
factors. This means that the formal power series A(x) equals the [L/M] approximant through L +M + 1 terms. It
is a well known fact that Pade approximants will converge on the entire real axis if f (η) is free of singularities on the
entire real axis. Other important contribution on Pade approximants are due to [25], [26] and [27].
3. Analysis
Here we consider the initial value problem (5) with the boundary conditions
f (0) = K, f ′(0) = 1, f ′′(0) = α0(say), (7)
and
f ′(∞) = 0 (8)
The equation (5) can be written as
f ′′′ = − f f ′′ + f ′2 + M f ′ (9)
Integrating both the sides of (9) from 0 to η and using the condition f ′′(0) = α0, yields
f ′′(η) = (α0 − MK) −
∫ η
0
f (t) f ′′(t)dt +
∫ η
0
( f ′(t))2dt + M f (t) (10)
Integrating both sides of (10) from 0 to η and noting the condition f ′(0) = 1, yields
f ′(η) = 1 + (α0 − MK)η −
∫ η
0
∫ η
0
f (t) f ′′(t)dtdt +
∫ η
0
∫ η
0
f ′(t)2dtdt + M
∫ η
0
f (t)dt (11)
so that by integrating again, we obtain
f (η) = K + η +
(α0 − MK)η2
2
−
∫ η
0
∫ η
0
∫ η
0
f (t) f ′′(t)dtdtdt
+
∫ η
0
∫ η
0
∫ η
0
f ′(t)2 dtdtdt + M
∫ η
0
∫ η
0
f (t)dtdt (12)
The following integro-diﬀerential equation
f (η) = K + η +
(α0 − MK)η2
2
− 1
2
∫ η
0
(η − t)2 f (t) f ′′(t)dt
+
1
2
∫ η
0
(η − t)2( f ′(t))2dt + M
∫ η
0
(η − t) f (t)dt (13)
is obtained from (12) upon converting the triple integral to a single integral.
To determine a solution of (13), we use the series solution method used by [20]. Therefore, we express f (η) as a
power series of the form
f (η) =
∞∑
n=0
anηn (14)
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Substituting (14) into both sides of (13), and by using only a few terms for simplicity reasons, we ﬁnd
a0 + ηa1 + η2a2 + η3a3 + ....
= K + η +
(α0 − MK)η2
2
−
∫ η
0
(
1
2
η2 − ηt + 1
2
t2
)
(a0 + ta1
+t2a2 + t3a3 + t4a4 + t5a5 + t6a6 + t7a7 + t8a8 + t9a9 + t10a10 + ....
)
×
(
2a2 + 6ta3 + 12t2a4 + 20t3a5 + 30t4a6 + 42t5a7 + 56t6a8
+72t7a9 + 90t8a10 + ....
)
dt +
∫ η
0
(
1
2
η2 − ηt + 1
2
t2
)
(a1 + 2ta2
+3t2a3 + 4t3a4 + 5t4a5 + 6t5a6 + 7t6a7 + 8t7a8 + 9t8a9
+10t9a10 + ....
)
2dt +
∫ η
0
(ηM − Mt)
(
a0 + ta1 + t2a2 + t3a3
+t4a4 + t5a5 + t6a6 + t7a7 + t8a8 + t9a9 + t10a10 + ...
)
dt (15)
which gives after integration and simpliﬁcation
a0 + ηa1 + η2a2 + η3a3 + η4a4 + η5a5 + η6a6 + η7a7 + ...
= K + η +
1
2
η2(−KM + α0) + 12Mη
2a0 +
1
6
Mη3a1 +
1
6
η3a21 + ... (16)
Equating the coeﬃcients of like powers of η in both sides leads to
a0 = K, a1 = 1, a2 =
α0
2
, a3 =
1
6
(1 + M − Kα0),
a4 =
1
24
(
−K − KM + α0 + K2α0 + Mα0
)
,
a5 =
1
120
(
K2 + M + K2M + M2 − Kα0 − K3α0 − 2KMα0 + α20
)
,
a6 =
1
720
(
K − K3 − KM − K3M − 2KM2 + α0 + K4α0
+2Mα0 + 3K2Mα0 + M2α0 − 3Kα20
)
, ... (17)
Accordingly, the solution of the equation (5) in a series form is given by
f (η) = K + η +
η2α0
2
+
η3
6
(1 + M − Kα0)
+
η4
24
(
−K − KM + α0 + K2α0 + Mα0
)
+
η5
120
(
K2 + M + K2M + M2 − Kα0 + K3α0 + 2KMα0 + α20
)
+ ... (18)
f ′(η) = 1 + ηα0 +
η2
2
(1 + M − Kα0)
+
η3
6
(
−K − KM + α0 + K2α0 + Mα0
)
+ ... (19)
4. Results and Discussion
We here note that the series solution (18) can also be obtained by using the series solution near the ordinary point
η = 0 directly into the nonlinear equation (5). Further, the result (18) may also be determined by using the Adomian’s
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decomposition method [28]. Our goal now is to determine the constant α0 by using the condition f ′(∞) = 0. It is
easily seen that this condition cannot be applied directly to (19). We can achieve our goal by representing the series
(19) by a rational function h(η) by using the powerful Pade approximants [L/M] of this series. From [23], a Pade
approximant to the power series (19) is deﬁned as
[L/M] = PL(η)
QM(η)
(20)
where PL(η) and QM(η) are polynomials of degrees at most L and M respectively. Besides, we may consider
QL(0) = 1, and PL(η) and QM(η) have no common factors.
In the following, we have determined the Pade approximants [2/2] of (19). The Pade approximants [3/3] and [4/4]
can be determined in a parallel manner. To determine the Pade approximants [2/2] to f ′(η) of degree 4, it requires
choosing A0, A1, A2, B1 and B2 so that the coeﬃcients of ηk for k = 0, 1, 2, 3, 4 are zero in the expression
(
1 + ηα0 +
η2
2
(1 + M − Kα0) + η
3
6
(−K − KM + α0 + K2α0 + Mα0)
+
η4
24
(K2 + M + K2M + M2 − Kα0 + K3α0 + 2KMα0 + α20) + ...
)
×
(
1 + B1η + B2η2
)
=
(
A0 + A1η + A2η2
)
(21)
Expanding (21), by putting M = K = 0 and equating the coeﬃcients of ηk for k = 0, 1, 2, 3, 4 to zero yields Pade
[2/2].
Consequently, the Pade approximant [2/2] is given by
[2/2] =
1 + η(−4α0+3α
3
0)
2(−3+2α20)
+
η2(−18+23α20−6α40)
12(−3+2α20)
1 − η2α20
12(−3+2α20)
+
η(2α0−α30)
2(−3+2α20)
. (22)
Applying the condition f ′(∞) = 0 to (22) gives
α0 = f ′′(0) = −1.04687. (23)
In a manner parallel to our above discussion, the approximants [3/3] and [4/4] are obtained and the values of the
constant α0 = f ′′(0) are found to be very close to that of (23). Again, the value of α0 = f ′′(0) is calculated for
diﬀerent values of the pertinent parameters K (for both suction and injection)and M = 0, 1, 2, which are tabulated
below in the Tables 1-2.
Table 1. Values of α0 = f ′′(0) for diﬀerent values of M and K ≥ 0
K Pade Approx. [L/M] M=0 M=1 M=2
0 [2,2] -1.04687 -1.47078 -1.79821
[3,3] -1.01959 -1.40334 -1.72313
[4,4] -1.00591 -1.41606 -1.73323
1 [2,2] -1.45045 -2.10895 -2.26012
[3,3] -1.8262 -2.02984 -2.29881
[4,4] -1.61111 -2.00721 -2.3138
2 [2,2] -2.51771 -2.77893 -3.55769
[3,3] -2.60118 -2.80557 -3.59912
[4,4] -2.63818 -2.8745 -3.61063
From the Table 1, it is obvious that the skin friction i.e. − f ′′(0) increases along with increasing values of the mass
suction parameter (K > 0) and magnetic parameter (M) for the diﬀerent Pade approximants. From the Table 2, it
is obvious that the skin friction i.e. − f ′′(0) increases along with increasing values of magnetic parameter (M) but
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Table 2. Values of α0 for diﬀerent values of M and K < 0
K Pade Approx. [L/M] M=0 M=1 M=2
-1 [2,2] -0.62224 -1.02147 -2.10588
[3,3] -0.616429 -1.0012 -2.19975
[4,4] -0.617707 -1.00006 -2.2506
-3 [2,2] -2.97153 -0.52217 -0.74121
[3,3] -3.00092 -0.53372 -0.75002
[4,4] -0.30278 -0.56155 -0.78665
-5 [2,2] -0.18571 -0.34889 -0.53321
[3,3] -0.191773 -0.35168 -0.54003
[4,4] -0.1958 -0.37215 -0.54138
Fig. 1. Solution for large mass suction Fig. 2. Solution for large mass injection
decreasing values of the mass suction parameter (K < 0) for the diﬀerent Pade approximants.
Thus these numerical results given in Tables 1 and 2 are highly in conformation with the graphical results given in
Figures 1 and 2 respectively.
The eﬀects of the mass suction parameter K > 0 and the magnetic parameter M have been depicted in the Figure 1.
The present results have been compared with [19]. From the ﬁgures, it is evident that the present results are in good
agreement with those obtained by [19].
The eﬀects of the mass injection parameter K < 0 and the magnetic parameter M have been depicted in the Figure
2.The results in this case have also been compared and they are in good agreement with [19].
5. Concluding Remarks
In this paper, we have discussed the magnetohydrodynamic(MHD) ﬂow of a viscous ﬂuid due to a stretching
surface. A series solution has been successfully obtained with the use of Pade approximants. The solutions are
compared with the available results e.g. [19]. They have been found compatible with each other. From the ﬁgures, it
is found that the skin friction increases with suction and the eﬀect of injection is just opposite. On the other hand, the
skin friction increases with M in the cases of suction and injection both.
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